A semiclassical treatment of eigenvalues for a multidimensional non-separable potential function and of the rate constant for a chemical reaction with an activation barrier is pr~sented.
INTRODUCTION
Semiclassical methods are the natural way of describing the effects of quantum mechanics in classical-like systems, and they have been an extremely powerful tool for describing quantum effects in atomic and molecular collision processes. Ford and Wheeler's papersl in 1959 showed how interference and tunneling effects in elastic scattering 2 could be described in a beautifully simple way: the collision dynamics are treated via classical mechanics but used to construct scattering amplitudes rather than the scattering probabilities (i.e., cross sections) themselves. This means that the quantum principle of superposition is included in the description, and this is the essential contribution of quantum mechanics. This approach provides a quantitative description of all quantum effects in elastic scattering; recently, for example, it has been shown 3 ,4 that a slight -2-extension of the Ford and Wheeler analysis (to include "classicaily forbidden" contributions to the amplitude) even describes diffraction from purely repulsive potentials, a quantum effect heretofore thought to defy a simple semiclassical treatment.
Beginning in 1970 this semiclassical idea of "classical dynamics plus quantum superposition" was generalized to inelastic and reactive collision processes. [5] [6] [7] Although originally designed to deal with molecular collision phenomena, this "classical S-matrix" theory has also found application to electron scattering,a diffraction of atoms from crystal surfaces,9,ID and coulomb excitation and fission dynamics in nuclear physics. II - 13 One of the predictions of this theory, for example, is that analogous to interference structure in the differential cross section for .elastic scattering, there is an interference structure in the distribution of final states in inelastic-reactive scattering processes; 14 e.g., the cross section for the product molecule being in final vibrational state vf, plotted as a function of vf, in general has an interference structure. Although these interference effects in final state distributions have not yet bee~ seen experimentally, it is certain that they exist and will presumably be seen when more refined techniques for state analysis becomes available.
This paper reviews some of the more recent developments in "semiclassical mechanics"--the semiclassical approximation to eigenvalues for multidimensional non-separable systems and the semiclassical approximation for the rate constants of chemical reactions which have simple activation barriers. It is an interesting feature of semiclassical theory that these two problems are described by essentially the same formalism.
Section II first discusses the semiclassical eigenvalue problem for multidimensional systems using both periodic orbit theory and the more rigorous Hamilton-Jacobi theory. In parallel fashion, Section III then discusses the semiclassical description of reaction rate constants--first the periodic orbit version of the theory and then the more rigorous Hamilton-Jacobi formulation.
II. SEMICLASSICAL EIGENVALUES a. Periodic Orbit Theory
One of the truly new approaches to a multidimensional semiclassical quantum condition is the recent work of Gutzwiller The beginning point is to consider the trace of the resolvent operator, or green's function
:2 which is given quantum mechanically by
indicating that it has simple poles where E equals one of the quantum mechanical eigenvalues {En}' The green's function can be expressed in terms of the propagator,
and the trace can be evaluated in a coordinate representation, so that (2.4) Eq. (2.4) is still formally exact quantum mechanics, but one now injects the semiclassical approximation for matrix elements of the propagator, 17 (2.5) where ~ is the classical action integral along the trajectory that goes from position ~ = {qi}' i=l, •.. , f at time t = 0 (f = number of degrees of freedom) back to q at time t, and consistent with semiclassical mechanics, the integrals over q and over t in .6) i.e., the values of g which are points of stationary phase must be -4-such that the initial and final momenta, as well as coordinates, are the same, or in other words, g must lie on a periodic orbit of the system. In this very simple way, therefore, one sees how periodic orbits play a central role in this approach to the semiclassical eigenvalue problem.
The algebraic details involved in carrying out the stationary phase evaluation of the integrals in Eq. (2.4) are quite tedious but straight-forward, and the result of the calculation isIS
In Eq. (2.7) ~(E) is the action integral for one pass about the periodic orbit with energy E,
where T(E) = ~'(E) is the period of the periodic orbit, {~(E)}, 
The sum over n (i.e., over mUltiple passes about the periodic orbit) in Eq. (2.l0a) is easily accomplished,
-e n= (2.11) whereby the polar singularities in tr G(E) are seen to be those values of E for which eiA = 1, or (2.12) where n f is an integer. Eqs. (2.l0b) and (2.2) thus give the quantum condition of periodic orbit theory as 16 (2.13)
The energy levels are thus characterized by f quantum numbers, n f being the number of quanta in motion along the periodic orb~t, and nk' k=l, ••. , f-l, being the number of quanta in the k~ harmonic mode of perturbation about the periodic orbit.
Although physically realistic and meaningful in many ways, Eq. (2.13) nevertheless has some fundamental shortcomings, primarily the implicit assumption that most of the energy is in motion along the periodic orbit, with deviations from it being treated only within a harmonic approximation. To see this, consider a completely separable system where the periodic orbit is chosen to be along the fth degree of freedom. The correct semiclassical eigenvalue condition in this case is (2.14) where £k(nk) is the one-dimensional eigenvalue for the ~ degree of freedom, and in this case ¢ is the one-dimensional action integral for the fth degree of freedom. To convert this into the expression given by periodic orbit theory, Eq.(2.l3), two approximations are necessary: (1) All degrees of freedom except the fth one must be assumed to be harmonic, i.e., both of which imply that most of the total energy E is in one mode, the fth one. If it should be that the first f-l modes are harmonic, then Eq. (2.l5a) is of course not an approximation; and further, if the fth mode is also harmonic, then Eq. (2.l5b) is also exact. Thus the one (trivial) case in which periodic orbit theory is actually exact is the completely separable, completely harmonic case.
Since these limitations implicit in periodic orbit theory stem directly from the stationary phase approximation used to evaluat.e the integrals in Eq. (2.4), it is difficult to see how to avoid them and stay within the present formalism. What would be required is some sort of uniform asymptotic evaluation of the integrals in Eq. (2.4), but it is not clear how to go about this. Fortunately, the approach described in the next section by-passes these difficulties by taking a different approach to the problem.
b. Hamilton-Jacobi Theory
The "Old Quantum Theory", as described by Born,18 provides an alternate (much older) approach to the semiclassical eigenvalue' problem I9 that has the major advantage of treating all degrees of freedom on an equal footing. Recently it has been shown 2o that the equations which result in this formulation can be ca;st in a form that permit efficient numerical solution, so that this approach is no longer limited to the realm of perturbation theory.18
In this approach the classical Hamiltonian for the system is divided into a separable reference Hamiltonian H and a residual o non-separable interaction V,
It is convenient then to change canonical variables from the cartesian variables (p,x) to the "zeroth order" action-angle variables (~'9) which-refer to H o ' in terms of which the Hamiltonian has the form (2.18) (2.19)
Often the one-dimensional reference potentials {vi (x.)} in Eq. (2.19) are taken to be harmonic, as we will now do, Gut this is not necessary. Ho(~) is then given explicitly by units being used so that h = 1.
The presence of the non-separable interaction in Eq. (2.20) prevents the action variables n from being constants of the motion and thus the "good" quantum numbers of the system. The next step, therefore, is to carry out a canonical transformation from these zero!:.!!. order action-angle variables (n,q)to the "good" actionangle variables (N,Q) such that in terms of these latter variables the total Hamiltonian is a function only of the action variables N: value corresponding to this set of quantum number~ is then given by Eq. (2.26b).
For the non-degenerate situation--i.e., the case that wok is not too small for all k which contribute significantly to theFourier expansion--Eq.-(2.26a) can often be solved by a simple successive substitution algorithm. Eq. (2.26a) is written as Essentially the same procedure has also been used 21 to determine a number of vibrational eigenvalues· of H20 and S02 with realistic potential functions. This is the first application of a multidimensional semiclassical quantum condition to real molecular systems.
If'there are low order degeneracies in Ho(n)--i.e., if w·k=O for some ~ that contribute significantly to the Fourier series~ then the above procedure for solving Eq. (2.26a) will clearly not be applicable. In such cases other algorithms--such as the multidimensional Newton iteration--must be used to solve Eq. (2.26a). where Q is the partition function (per unit volume) for reactants, H is th~ total Hamiltonian, F is a flux operator, and P is the projection operator which projects onto states that have evolved in the infinite past from reactants.
-BH
Since the Boltzmann operator e can be expressed in terms of the green's function by = ~:1 -;~~-l---------n--------------
which is the analog of Eq. (2.7). In this case, though, the periodic orbit is for an imaginary time increment (because e-BH = e-iHt / h for t = -fhB), so that the action integral ~(E) (_l)n-l e -n28(E)
The sinh functions in the denominator of Eq. (3.7) are expanded in the analogous way as Eq. (2.9), so that Eq. (3.7) becomes 00 00 00 00
and the sum over n--the number of "tunnelinf oscillations" inside the barrier--is easily carried out to give
where weE) i=l, ••• , f-l, and 00 ~= Eq. (3.9) is the final expression for N(E) within periodic orbit theory, the rate constant then being given by Eq. (3.3).
Although Eq. (3.9) does provide a qualitatively correct physical picture of the reaction rate constant, this periodic orbit limit of the theory suffers from the same quantitative shortcomings as those in the eigenvalue problem discussed in Section IIa, namely that most of the energy 1s implicitly assumed to be in one mode (motion along the "reaction coordinate") with deviations from it being treated only within a harmonic approximation. To see this, consider the situation that motion along a reaction coordinate is separable from the remaining f-l f degrees of freedom; it is then easy to show that the exact quantum mechanical expression for N(E) in this case is
~ tun n n==O (3.10) -12-where P t (E t ) is the one dimensional tunneling probability with an energ~nEt in translational motion along the reaction coordinate. The semiclassical approximation for the tunneling probability is To obtain the result given by periodic orbit theory, Eq. (3.9), it is also necessary to approximate the exponent in Eq. (3.13) by the first two terms of its Taylor's series expansion, (3.14)
As for the eigenvalue problem discussed in Section IIa, the approximations in Eqs. (3.12) and (3.14) are in general valid only if most of the total energy E is in motion along the reaction coordinate. As there, too, the periodic orbit expression happens to be exact for the (trivial) case that all the f-l modes are harmonic and the barrier for the fth mode is parabolic (i.e., an inverted harmonic potential).
Just as for the eigenvalue problem, therefore, the periodic orbit approach gives a result that is qualitatively correct but which can be inaccurate quantitatively because of dynamical assumptions implicit in it. Here too, though, there exists a Hamilton-Jacobi approach that treats all the degrees of freedom on an equal dynamical footing.
b. Hamilton-Jacobi Theory A Hamilton-Jacobi analysis,26 similar to that of the eigenvalue problem described in Section lIb, can be used to overcome the limitations in periodic orbit theory described in the previous section. This is possible by realizing that there are "good" action variables associated with the saddle point of a potential surface just as there are those related to a minimum in a potential surface. .. where nf(E,n) is given as a function of the total energy E and the f-l action variables (or quantum numbers) by Eq. (3.16).
Although deduced for the separable case; Eq. (3.17) is also the result of the more rigorous Hamilton-Jacobi theory26 for a general non-separable potential function. In the general case one must first construct the total Hamiltonian in terms of the complete set of "good" action variables {nil, i=l, .
•• , fusing, for example, the methods of Section lIb. Then the equation This result of the Hamilton-Jacobi analysis is seen to have the same qualitative structure as that of periodic orbit theory, Eq. (3.9), but it does not incorporate any approximation about the distribution of energy among the various modes nor approximate any of the modes as harmonic.
Eq. (3.17) can be derived for the general non-separable case where n = {n.}, i=l, ••. , f-l, and E(n,n f ) = H(nl,n , ... , n f ).
Because of tfie simple pole in the integrand, the integral over n f can be evaluated by contour integration, giving This modification has the effect of correcting, in an approximate fashion, for the assumption in periodic orbit theory that all but infinitesimal of the total energy is in motion along the reaction coordinate. Use of Eq. (3.9) without this modification gives poor results because hw(E) (n+l) is not at all small compared to E in the range of interest fof this system. Since the Hamilton-Jacobi ..
. .
• . approach involves no such approximations, it is anticipated that it will provide a more satisfactory description of the rate constant for this (and similar) chemical reaction •
IV. CONCLUDING REMARKS
One thus sees that within the framework of semiclassical mechanics eigenvalues in a multidimensional potential well and chemical reaction through a saddle point region ~f a potential energy surface can be described by essentially the same formalism. In both cases the periodic orbit version of the theory provides a simple, physically correct picture of the phenomenon but can be ina.ccurate quantitatively because of certain assumptions implicit in it • . The Hamilton-Jacobi approach avoids the limitations of periodic orbit theory. It provides a way of constructing the total Hamiltonian for the non-separable system in terms of a complete set of "good" (Le., conserved) action variables. In the eigenvalue case these action variables are required to be integers (i.e., quantum numbers), and this discretizes the energy. For chemical reaction through a saddle point region one of the action variables is identified as a "generalized barrier penetration integral", and its imaginary part (as a function of the other action variables and the total energy) gives the reaction probability. Applications of this approach to real molecular systems, either for eigenvalues or for rate constants of chemical reactions, have only begun but promise to be a useful way of describing these phenomena.
